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§ 0 Introduction

Projective spaces

P" is a standard model of projective manifolds.

» P"is a compact Kahler manifold .
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Projective spaces

P" is a standard model of projective manifolds.
» P" is a compact K&hler manifold .

» (P",wrs) is Kahler-Einstein manifold with constant Ricci curvature n+ 1,

RiC(wFs) = (n -+ 1)(4)/:5
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Projective spaces

P" is a standard model of projective manifolds.
» P" is a compact K&hler manifold .

> (P",wes) is Kahler-Einstein manifold with constant Ricci curvature n+1,
Ric(wrs) = (n + 1)wrs
» P" has positive constant scalar

oc=n(n+1)
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P" has an ample(positive) line bundle— hyperplane bundle Opn(1) and
ample(positive) tangent bundle;
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P" has an ample(positive) line bundle— hyperplane bundle Opn(1) and
ample(positive) tangent bundle;

» TP" is stable and simple;

» P" has positive first Chern class;
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§ 0 Introduction

Projective spaces

P" is a standard model of projective manifolds.
» P" is a compact K&hler manifold .

> (P",wes) is Kahler-Einstein manifold with constant Ricci curvature n+1,
Ric(wrs) = (n + 1)wrs
» P" has positive constant scalar

oc=n(n+1)

v

P" has an ample(positive) line bundle— hyperplane bundle Opn(1) and
ample(positive) tangent bundle;

» TP" is stable and simple;

» P has positive first Chern class;
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Introduction

Some conjectures and theorems

(1) Frankel conjecture: P" has positive tangent bundle = manifolds with
positive tangent bundle is P"?
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§ 0 Introduction

Some conjectures and theorems

(1) Frankel conjecture: P" has positive tangent bundle = manifolds with
positive tangent bundle is P"?

Theorem (Siu-Yau-Mori)

If M is a compact complex manifold with positive holomorphic bisectional
curvature(ample tangent bundle), then M is biholomorphic to some
projective space.
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§ 0 Introduction

Some conjectures and theorems

(1) Frankel conjecture: P" has positive tangent bundle = manifolds with
positive tangent bundle is P"?

Theorem (Siu-Yau-Mori)

If M is a compact complex manifold with positive holomorphic bisectional
curvature(ample tangent bundle), then M is biholomorphic to some
projective space.

» Griffiths conjecture: positive <= ample.
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Some conjectures and theorems

(2) "Conjecture”:c; > 0 = 3 Kahler-Einstein metric or constant scalar
curvature metric?
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Some conjectures and theorems

(2) "Conjecture”:c; > 0 = 3 Kahler-Einstein metric or constant scalar
curvature metric?

» No, there exists manifold with ¢; > 0 which admits no Kahler-Einstein
metric.
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Introduction

Some conjectures and theorems

(2) "Conjecture”:c; > 0 = 3 Kahler-Einstein metric or constant scalar
curvature metric?

» No, there exists manifold with ¢; > 0 which admits no Kahler-Einstein
metric.

» There are some obstructions to the existence of Kahler-Einstein metrics,
such as Calabi-Futaki invariants.
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Introduction

Some conjectures and theorems

(3) Yau's conjecture: the existence of the canonical metrics are equivalent to
" certain stabilities” of manifolds.
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Introduction

Some conjectures and theorems

(3) Yau's conjecture: the existence of the canonical metrics are equivalent to
"certain stabilities” of manifolds.
> The most important case is the manifolds with positive first Chern classes,
i.e. manifolds with ample anti-canonical line bundles.
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Introduction

Positivity in complex geometry

Siu introduced the following definition:
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§ 0 Introduction

Positivity in complex geometry

Siu introduced the following definition:

If (M, h) is a Kahler manifold. The Riemannian curvature tensor R 5 5 is
said to be strongly positive if

3" R.55(A°B’ — C°D’)(AB’ — C°D’) >0
a,B,v,6

for any nonzero complex matrix (A‘XEB - CQEB);
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§ 0 Introduction

Positivity in complex geometry

Siu introduced the following definition:

If (M, h) is a Kahler manifold. The Riemannian curvature tensor R 5 5 is
said to be strongly positive if

> R.55(AB" -~ C°D D’)(AB' — CD") >0
@,B,7,8
e BB ~aBy
for any nonzero complex matrix (A“B~ — C*D");

The Riemannian curvature tensor R 5. 5 is said to be very strongly

positive if
Y Ragysu'a” >0
a,B3,7,8

for any nonzero complex matrix (u*?), where

2
_ 9 ha.5 mOhaz hr5
e gwrow? o ow’

in the local coordinate (w®).
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Positivity in complex geometry
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§ 0 Introduction

Positivity in complex geometry

Theorem

Let f: (N,wn) — (M,wm) be a harmonic map between a compact
hermitian manifold (N,wy) and a Kahler manifold (M,wwm). If the
hermitian metric satisfies 0wy = 0 and the curvature tensor of M is
strongly semi-negative and strongly negative at f(P) for some point

P € N with rankgdf > 4 at P, then f is holomorphic or anti-holomorphic.
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Introduction

Positivity in complex geometry

Theorem

Let f: (N,wn) — (M,wm) be a harmonic map between a compact
hermitian manifold (N,wy) and a Kahler manifold (M,wwm). If the
hermitian metric satisfies 0wy = 0 and the curvature tensor of M is
strongly semi-negative and strongly negative at f(P) for some point

P € N with rankgdf > 4 at P, then f is holomorphic or anti-holomorphic.
This is the generalization of Siu's result:

Theorem

Let f: (N,wn) — (M,wn) be a harmonic map between compact Kahler
manifolds. If the curvature tensor of M is strongly semi-negative and
strongly negative at f(P) for some point P € N with rankgdf > 4 at P,
then f is holomorphic or anti-holomorphic.
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§1 Yau's solution of Calabi conjecture

Manifolds with definite first Chern classes

» If (M,w) is Kahler-Einstein, then M has definite first Chern class.
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Manifolds with definite first Chern classes

» If (M,w) is Kahler-Einstein, then M has definite first Chern class.

» Conversely, if M has definite first Chern class, does M admit
Kahler-Einstein metric?
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§1 Yau's solution of Calabi conjecture

Manifolds with definite first Chern classes

» If (M,w) is Kahler-Einstein, then M has definite first Chern class.

» Conversely, if M has definite first Chern class, does M admit
Kahler-Einstein metric?

» This question is equivalent to the following Monge-Ampere equation:

detlegeq) _ —ketF

det(g;) € » (gj+¢z) >0 2.1)
Jye ¥t dVy = vol(M, g)
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§1 Yau's solution of Calabi conjecture

Yau's solution of Calabi conjecture

Xiaokui Yang Stabilities and Existence of Kahler-Einstein metrics



§1 Yau's solution of Calabi conjecture

Yau's solution of Calabi conjecture

Theorem (Aubin &Yau)
Let M be any compactKihler manifold with c1(M) < 0, then there exists
a unique K-E metric w with Ric(w) = —w.
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§1 Yau's solution of Calabi conjecture

Yau's solution of Calabi conjecture

Theorem (Aubin &Yau)
Let M be any compactKihler manifold with c1(M) < 0, then there exists
a unique K-E metric w with Ric(w) = —w.

Theorem (Calabi-Yau)

Let (M,w) be a compact Kéhler manifold. Given any real closed (1,1)
form

p= —Hﬁgdzi AdZ
2w

which represents c1(M) = [p], then there exists a unique Kéhler form
@ € [w] such that the corresponding Ricci form Ric(w) = p.
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§1 Yau's solution of Calabi conjecture

Some corollaries of Calabi-Yau's theorem
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§1 Yau's solution of Calabi conjecture

Some corollaries of Calabi-Yau's theorem

Corollary
If M is a Kahler manifold with ci(M) = 0, then there exists a Ricci flat
Kahler metric w.
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§1 Yau's solution of Calabi conjecture

Some corollaries of Calabi-Yau's theorem

Corollary
If M is a Kahler manifold with ci(M) = 0, then there exists a Ricci flat
Kahler metric w.

Corollary (Kobayashi-Yau)
If ci(M) > 0, then M has a Kahler metric with positive Ricci curvature,
and so is simply connected.
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§2 Hitchin-Kobayashi-Donaldson-Ulenbeck-Yau correspondence

Definition
(1) A holomorphic vector bundle E over a compact complex manifold (M, w)
is simple if
dime H°(M, Home(E, E)) = 1
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§2 Hitchin-Kobayashi-Donaldson-Ulenbeck-Yau correspondence

Definition
(1) A holomorphic vector bundle E over a compact complex manifold (M, w)
is simple if
dime H°(M, Home(E, E)) = 1
(2) If (E, h) is a hermitian vector bundle over a compact complex manifold
(M,w), then E is called weakly Hermitian-Einstein if

AOF = ol

where ©F is the Chern curvature of (E, h) and ¢ is a global defined
function.
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§2 Hitchin-Kobayashi-Donaldson-Ulenbeck-Yau correspondence

Definition
(1) A holomorphic vector bundle E over a compact complex manifold (M, w)
is simple if
dime H°(M, Home(E, E)) = 1
(2) If (E, h) is a hermitian vector bundle over a compact complex manifold
(M,w), then E is called weakly Hermitian-Einstein if

AOF = ol
where ©F is the Chern curvature of (E, h) and ¢ is a global defined

function.

> Moreover, if ¢ is a global constant, then (E, h) is called a
Hermitian-Einstein. The corresponding Chern connection is called the
Hermitian-Yang-Mills connection
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§2 Hitchin-Kobayashi-Donaldson-Ulenbeck-Yau correspondence

(3) A holomorphic vector bundle E over a compact Kihler manifold (M,w) is
called [w]-stable(resp. [w]-semi-stable) if for any subbundle F of E with
0 < rk(F) < rk(E), we have

w(F) < u(E)( resp. u(F) < u(E))

where
fM a(E) A Wt

H(E) = rk(E)
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§2 Hitchin-Kobayashi-Donaldson-Ulenbeck-Yau correspondence

(3) A holomorphic vector bundle E over a compact Kihler manifold (M,w) is
called [w]-stable(resp. [w]-semi-stable) if for any subbundle F of E with
0 < rk(F) < rk(E), we have

w(F) < u(E)( resp. u(F) < u(E))

where I L
_Jya(E) A"
() FE=E ®---® Es and E; are stable and
W(E) = = p(E)

then E is called polystable.
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§2 Hitchin-Kobayashi-Donaldson-Ulenbeck-Yau correspondence

Relations

> weakly Hermitian-Einstein = Hermitian-Einstein;
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§2 Hitchin-Kobayashi-Donaldson-Ulenbeck-Yau correspondence

Relations

> weakly Hermitian-Einstein = Hermitian-Einstein;

» stable = simple = irreducible;
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§2 Hitchin-Kobayashi-Donaldson-Ulenbeck-Yau correspondence

Relations

> weakly Hermitian-Einstein = Hermitian-Einstein;
» stable = simple = irreducible;
> polystable = semi-stable.
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§2 Hitchin-Kobayashi-Donaldson-Ulenbeck-Yau correspondence

Theorem (Lubke-Kobayashi)

(1) If (E, h) is a Hermitian-Einstein vector bundle over a compact Kihler
manifold (M,w). Then E is polystable, i.e.(E, h) is a direct sum

(E.h) = (Er,m) D - - D (Ex, hi)
of [w]-stable Hermitian-Einstein vector bundles (E1, h1), - - , (Es, hs) with

WE) = p(Er) = -+ = p(Es)
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§2 Hitchin-Kobayashi-Donaldson-Ulenbeck-Yau correspondence

Theorem (Lubke-Kobayashi)

(1) If (E, h) is a Hermitian-Einstein vector bundle over a compact Kihler
manifold (M,w). Then E is polystable, i.e.(E, h) is a direct sum

(E.h) = (Er,m) D - - D (Ex, hi)
of [w]-stable Hermitian-Einstein vector bundles (E1, h1), - - , (Es, hs) with

WE) = p(Er) = -+ = p(Es)

(2) Let (E, h) be a Hermitian-Einstein vector vector bundle over a compact
Kéahler manifold (M,w). If E is simple, then E is [w]-stable.
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§2 Hitchin-Kobayashi-Donaldson-Ulenbeck-Yau correspondence

Theorem (Donaldson-Ulenbeck-Yau)
If E is a stable vector bundle over a compact Kahler manifold (M, w), then
E admits a unique Hermitian-Einstein metric.
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§2 Hitchin-Kobayashi-Donaldson-Ulenbeck-Yau correspondence

Theorem (Donaldson-Ulenbeck-Yau)

If E is a stable vector bundle over a compact Kahler manifold (M, w), then
E admits a unique Hermitian-Einstein metric.

Theorem (HKDUY Correspondence)

If (E, h) is a hermitian vector bundle over a compact Kihler manifold
(M,w), then (E, h) is polystable if and only if it admits Hermitian-Einstein
metrics ( Hermitian-Yang-Mills connections).
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§2 Hitchin-Kobayashi-Donaldson-Ulenbeck-Yau correspondence

Yau's conjecture

> Yau conjectured that the existence of Kahler-Einstein (cscK) metric is
equivalence to certain stabilities of manifolds.
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§2 Hitchin-Kobayashi-Donaldson-Ulenbeck-Yau correspondence

Yau's conjecture

> Yau conjectured that the existence of Kahler-Einstein (cscK) metric is
equivalence to certain stabilities of manifolds.

» We could not use the "stabilities” of the vector bundle for the metrics on
E and on TM are different.
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§2 Hitchin-Kobayashi-Donaldson-Ulenbeck-Yau correspondence

Stability in the sense of Gieseker
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§2 Hitchin-Kobayashi-Donaldson-Ulenbeck-Yau correspondence

Stability in the sense of Gieseker

Definition

If (M, L) is a polarized manifold, and E is a holomorphic vector bundle
over M. E is called Gieseker stable(resp. semi-stable) if for every
subbundle F C E with 0 < rk(F) < rk(E), the inequality

x(Fe L)  x(E®LY x(FeL¥  x(E® L)
wF) kg L T om S T wE )

holds for sufficient large integers k.
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§2 Hitchin-Kobayashi-Donaldson-Ulenbeck-Yau correspondence

Stability in the sense of Gieseker

By the Riemann-Roch theorem, we have

(E® LX) :/ ch(E ® L¥) - Td(M)
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§2 Hitchin-Kobayashi-Donaldson-Ulenbeck-Yau correspondence

Stability in the sense of Gieseker

By the Riemann-Roch theorem, we have

(E® LX) :/ ch(E ® L¥) - Td(M)

EeL) = [ L)+ g D)+ Fa(M) + Ok™)
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§2 Hitchin-Kobayashi-Donaldson-Ulenbeck-Yau correspondence

Stability in the sense of Gieseker

By the Riemann-Roch theorem, we have

(E® LX) :/ ch(E ® L¥) - Td(M)

EeL) = [ L)+ g D)+ Fa(M) + Ok™)

Then

E® L¥ F® Lk k1 .
X(rk(E) ) X(,k(F) ) n— 1)!(M(E) — u(F)) + O(K"™)
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§2 Hitchin-Kobayashi-Donaldson-Ulenbeck-Yau correspondence

Stability in the sense of Gieseker

By the Riemann-Roch theorem, we have

(E® LX) :/ ch(E ® L¥) - Td(M)

EeL) = [ L)+ g D)+ Fa(M) + Ok™)

Then

E® L¥ F® Lk k1 .
X(rk(E) ) X(,k(F) ) n— 1)!(M(E) — u(F)) + O(K"™)

Stable = Gieseker stable —> Gieseker semistable —> semistable
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§3 Mumford's GIT theory

GIT quotient

If V is a family of objects, and there is an equivalence relation ~ on V,
what is V/ ~7
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§3 Mumford's GIT theory

GIT quotient

If V is a family of objects, and there is an equivalence relation ~ on V,
what is V/ ~7

If G is a group, what is the quotient V' /G of the group action

GxV— V7
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§3 Mumford's GIT theory

GIT quotient

If V is a family of objects, and there is an equivalence relation ~ on V,
what is V/ ~7

If G is a group, what is the quotient V' /G of the group action
GxV— V?

In general, the quotients are " bad”!
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§3 Mumford's GIT theory

Example of "bad” action

Given an integer N, let

=3 > aX'V b CCIX, Y]
=N
and
P(Va) = Va/C* =P"
The group G = SL(2,C) acts on Vy by
Vwx G — Wn, (g,P)=P°

ol ()

There is a natural induced action
PYx G — PV

The action is so bad that there is no Hausdorff topology on IP’N/G.
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§3 Mumford's GIT theory

GIT quotient

Let G be a reductive algebraic group, and V is a n-dimensional
representation of G. That is a group action

p:GxV— V

with pg : V. — V a linear isomorphism map.
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§3 Mumford's GIT theory

GIT quotient

Let G be a reductive algebraic group, and V is a n-dimensional
representation of G. That is a group action

p:GxV— V

with pg : V. — V a linear isomorphism map.

Then for a point x € V:
X unstable X semi-stable X stable
— — (1). O(x) isclosedin V;
0 € 0() 0¢ 0() { (2). Stabilizer Gy is finite
(1). dim O(x) = dim G;
G
G (2).3f € k[Xq, - - -, Xn]
V€ kXg, o XplC 3f iﬁxlé ; ;Xl"] with degf > 1,
with degf > 1, f(x) =0 hth teg ) 7 0 such that  f(x) # 0;
such tha x (3). the action of G
on Xy is closed.
3 1-PS X of G such that V 1-PS X of G such that ¥ 1-PS X of G such that
n(x, A) <0 B, A) >0 B A) >0
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§3 Mumford's GIT theory

Hilbert Scheme-Moduli of polarized manifolds

Let
A={(X,L)| L isveryample }

be the set of the objects. The equivalent relations on A is given by

(X,L) ~ (X',L")y <=3 isomorphism 7:X — X' suchthat 7°L =L

Xiaokui Yang Stabilities and Existence of Kahler-Einstein metrics



§3 Mumford's GIT theory

Hilbert Scheme-Moduli of polarized manifolds

Let
A={(X,L)| L isveryample }

be the set of the objects. The equivalent relations on A is given by
(X,L) ~ (X',L")y <=3 isomorphism 7:X — X' suchthat 7°L =L

If (X, L) is a polarized manifold, then we know the Euler-Poincare
characteristic
P(k) = x(X, L)

is a polynomial of degree n(= dim X) in k. Now fix a polynomial
P(T) € Q(T) with degree n, then we can consider the moduli problem for

Ap ={(X,L) | L is very ample with Hilbert polynomial P}

and the equivalent relations is the same as A.
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§3 Mumford's GIT theory

Hilbert Scheme-Moduli of polarized manifolds

Let
A={(X,L)| L isveryample }

be the set of the objects. The equivalent relations on A is given by
(X,L) ~ (X',L")y <=3 isomorphism 7:X — X' suchthat 7°L =L

If (X, L) is a polarized manifold, then we know the Euler-Poincare
characteristic
P(k) = x(X, L)

is a polynomial of degree n(= dim X) in k. Now fix a polynomial
P(T) € Q(T) with degree n, then we can consider the moduli problem for

Ap ={(X,L) | L is very ample with Hilbert polynomial P}

and the equivalent relations is the same as A.
What is Ap/ ~7
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§3 Mumford's GIT theory

Hilbert Scheme-Moduli of polarized manifolds

» Now we set PV = PPM~1  Consider the consider the contravariant functor
Hilbby : { schemes } — { sets }

which is given by

Z isa clc?sed subscheme
z —» PNxu
iy wy={zcPV x u:
P kL P2 7 is flat and Z with Hilbert polynomial P.
U—»u
where " with Hilbert polynomial P’ means: for u € U, the Hilbert
polynomial in u is
- . N
P(k) = x(Zu, iz,(Opn(K))), iz, : Zu =P

In fact, we know
(Za, i}u(OpN(l))) € Ap

Xiaokui Yang Stabilities and Existence of Kahler-Einstein metrics



§3 Mumford's GIT theory

Hilbert Scheme-Moduli of polarized manifolds

The following theorem is proved by Grothendieck with simplifications by
Mumford.
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§3 Mumford's GIT theory

Hilbert Scheme-Moduli of polarized manifolds

The following theorem is proved by Grothendieck with simplifications by
Mumford.

Theorem (Grothendieck)

The functor Hi/b;,\, is represented by a projective scheme (Hilb]f,?,v7 ®) with
the universal family Univly over Hilbfy

UnivEy ———=—=P" x Hilbby

Hilbfy

Hilbfw =2 A,/ ~
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§3 Mumford's GIT theory

Hilbert-Mumford stability of polarized manifolds

If (X, L) is a polarized manifold with Hilbert polynomial h. Then there
exists a number ry such that if r > ry, then L" is very ample.
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§3 Mumford's GIT theory

Hilbert-Mumford stability of polarized manifolds

If (X, L) is a polarized manifold with Hilbert polynomial h. Then there
exists a number ry such that if r > ry, then L" is very ample.

The Kodaira embedding
b X — ph(n-1
gives an exact sequence over ph()-t

0— 3X(k) — O]Ph(r)—l(k) — ¢’k*(0x)(k) — 0
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§3 Mumford's GIT theory

Hilbert-Mumford stability of polarized manifolds

For large k we get

0 — H°(P"71 3x(k)) — SFCM* =~ S5(H(X, L") — H°(X, L) — 0
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§3 Mumford's GIT theory

Hilbert-Mumford stability of polarized manifolds

For large k we get
0 — H°(P"71 3x(k)) — SFCM* =~ S5(H(X, L") — H°(X, L) — 0

» The k-th Hilbert point of (X, L") is determined in the Grassmannian

h(r) +k 1
Xr.k € G = Grass (h(rk)7 (h(r) _Zk N 1)) P (( How) ))

We know that SL(h(r),C) acts linearly on Pt = C"") /C* and so on G.
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§3 Mumford's GIT theory

Hilbert-Mumford stability of polarized manifolds

For large k we get
0 — H°(P"71 3x(k)) — SFCM* =~ S5(H(X, L") — H°(X, L) — 0
» The k-th Hilbert point of (X, L") is determined in the Grassmannian

h(r) +k 1
Xr.k € G = Grass (h(rk)7 (h(r) _Zk N 1)) P (( How) ))

We know that SL(h(r),C) acts linearly on Pt = C"") /C* and so on G.

We can defined the Hilbert-Mumford stability of (X, L) by the Hilbert
point X k.
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§3 Mumford's GIT theory

Chow-Mumford stability of polarized manifolds

Now we define a set of objects for the given positive integers N, n, d
Anma = {X C P" | dimc X = n,deg(X) = d}
and the equivalence relations are defined by

X ~ X' <=,3g € SL(N+1,C), g*(X) = X’
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§3 Mumford's GIT theory

Chow-Mumford stability of polarized manifolds

Now we define a set of objects for the given positive integers N, n, d
Anma = {X C P" | dimc X = n,deg(X) = d}
and the equivalence relations are defined by
X~ X = ,3g€SLN+1,C), g"(X)=X'
Then we can define the Chow functor
Chown ng :{ varieties } — { sets }
by

Chown ng(U) ={ families in Ay nq parameterized by U }
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§3 Mumford's GIT theory

Chow-Mumford stability of polarized manifolds

Now we define a set of objects for the given positive integers N, n, d
Anma = {X C P" | dimc X = n,deg(X) = d}
and the equivalence relations are defined by
X~ X = ,3g€SLN+1,C), g"(X)=X'
Then we can define the Chow functor
Chown ng :{ varieties } — { sets }
by

Chown ng(U) ={ families in Ay nq parameterized by U }

Theorem
The functor Chown,n,q is represented by a variety Chowy . p 4.
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§3 Mumford's GIT theory

Chow-Mumford stability of polarized manifolds

We have
. i N o
Univy,n,g ——P" x Chowy, g ——— PN
ChOWN’,,qd
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§3 Mumford's GIT theory

Chow-Mumford stability of polarized manifolds

We have
. i N o
Univy,p,g —————P" x Chowpy,yg ——— PV
ChOWN’,,qd

The algebraic group G = SL(N + 1,C) acts on PV naturally, and
consequently will acts on Chowy,n,¢ and Univy,n.q equivariantly. Let 1o be
a large positive constant, then there is a very ample line bundle

L =det(m.i" (w5 (Opn(v)))), v > w0

on Chowp,n,q and also L is G-linearized.
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§3 Mumford's GIT theory

Chow-Mumford stability of polarized manifolds

We have
. i N o
Univy,p,g —————P" x Chowpy,yg ——— PV
ChOWN’,,qd

The algebraic group G = SL(N + 1,C) acts on PV naturally, and
consequently will acts on Chowy,n,¢ and Univy,n.q equivariantly. Let 1o be
a large positive constant, then there is a very ample line bundle

L =det(m.i" (w5 (Opn(v)))), v > w0

on Chowp,n,q and also L is G-linearized.
For we have
Chown,n,d = An,n,d/ ~

Then if X € Aw,n,4, we denote the equivalent class [X] € Chowp, .4 by
Chow(X) called the Chow point of X.
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§3 Mumford's GIT theory

Relations of stabilities

Chow-Mumford stable — Hilbert Mumford stable —
Hilbert-Mumford semistable =—> Chow-Mumford semistable.

w(k) = Cek™' + O(k"), C >0
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§4 Stabilities on Polarized manifolds

Asymptotic expansion of Bergman functions

If (L, h) is a positive line bundle over a compact Kéhler manifold (X,w)
with w = v/—10*". Let ['(X, L¥) be the set a smooth sections. Then there
is a natural inner product

(s1,) = / (51(2), 52(2) Vs
X
for any s, s € T(X, L¥) where

dv = £
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§4 Stabilities on Polarized manifolds

Asymptotic expansion of Bergman functions

If (L, h) is a positive line bundle over a compact Kéhler manifold (X,w)
with w = v/—10*". Let ['(X, L¥) be the set a smooth sections. Then there
is a natural inner product

(51752):/X<51(Z),sz(z))hdvz

for any s, s € T(X, L¥) where

Then there is a natural orthogonal projection
Py : L2(X,L*) — H°(X, L")
The Bergman kernel Pi(z,z’) is the smooth kernel of the projection

(PeS)(2) :/XPk(Z,Z’)S(z')dVZ/

for any S € £L2(X, L¥).
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§4 Stabilities on Polarized manifolds

Asymptotic expansion of Bergman functions

We denote by By(z) = P«(z, z) the restriction on the diagonal. It is
obvious that By(z) € End(L*),. So we can regard By as a smooth
function on X.
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§4 Stabilities on Polarized manifolds

Asymptotic expansion of Bergman functions

We denote by By(z) = P«(z, z) the restriction on the diagonal. It is
obvious that By(z) € End(L*),. So we can regard By as a smooth
function on X.

Let so,--- , sy, be the orhonormal basis of HO(X, Lk) with respect to the
£? metric, i.e.

(50, 55) 2 = / (5a(2), 55(2))dV- = bas
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§4 Stabilities on Polarized manifolds

Asymptotic expansion of Bergman functions

We denote by By(z) = P«(z, z) the restriction on the diagonal. It is
obvious that By(z) € End(L*),. So we can regard By as a smooth
function on X.

Let so,--- , sy, be the orhonormal basis of HO(X, Lk) with respect to the
£? metric, i.e.

(50, 55) 2 = / (5a(2), 55(2))dV- = bas

Theorem
We have the relations

Bi(z) =) Isali(2)

where |& |, is the fiberwise norm with respect to the metric h. Moreover,
it is independent on the choice of the base, and intrinsically we have

Bi(z) = sup{lela(2) | llgllc2 = 1}
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§4 Stabilities on Polarized manifolds

Asymptotic expansion of Bergman functions

Xiaokui Yang Stabilities and Existence of Kahler-Einstein metrics



§4 Stabilities on Polarized manifolds

Asymptotic expansion of Bergman functions

Theorem

If (L, h) is a positive line bundle over a compact Kahler manifold (X,w)
and w = \/—10}. The orthonormal basis so, - , sy, € H'(X, L*) with
respect to the £ inner product

(5:9) = [ (s(6).5(6)ndv
gives the Kodaira embedding
O X — P(HAM, L)) = PY%  x — [so(x),-- -, s, (x)]

satisfies
v—1

1. . —
;‘Dk(u},rs) —Ww = Ta@ |Og Bk
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§4 Stabilities on Polarized manifolds

Asymptotic expansion of Bergman functions
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§4 Stabilities on Polarized manifolds

Asymptotic expansion of Bergman functions

Corollary

dime H(X, L¥) = f Bi(w)dV., = aok” + a1k" ' + axk" > + - +a,
X

where 1
20 = Vol(X,w), a1 = 7/ sudV,
2 X
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§4 Stabilities on Polarized manifolds

Asymptotic expansion of Bergman functions

Corollary

dime H(X, L¥) = f Bi(w)dV., = aok” + a1k" ' + axk" > + - +a,
X

where 1
20 = Vol(X,w), a1 = 7/ sudV,
2 Jx
Theorem
Bi(w, z) n n—1
Vol (X, o) Ao(2)k" + A(2)k" " +
where

Sw
Ao = 1,A1 - ?

|B(z) — ZA(Z VK" N erxy < Kenk™ M1
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§4 Stabilities on Polarized manifolds

Balanced polarization

If L is an ample vector bundle over a compact complex manifold X. Let
B = {s0,51, - ,5n,} be a basis of Vi = H°(X, L¥) such that it gives an
embedding

O X — P(V"), x— [so(x), - ,sn(x)]
We choose the local frame ¢, of L, then

Sa(x) = f(x) ef@k
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§4 Stabilities on Polarized manifolds

Balanced polarization

If L is an ample vector bundle over a compact complex manifold X. Let
B = {s0,51, - ,5n,} be a basis of Vi = H°(X, L¥) such that it gives an
embedding

O X — P(V"), x— [so(x), - ,sn(x)]
We choose the local frame ¢, of L, then
Sa(x) = fu(x)e™

There is a (N + 1) x (Nk + 1) matrix

f.fs
B.s(X) = —=——dV
)= ) STaE
where ) .
dVv = (¢k(WFS))
nlkn

Xiaokui Yang Stabilities and Existence of Kahler-Einstein metrics



§4 Stabilities on Polarized manifolds

Balanced polarization
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§4 Stabilities on Polarized manifolds

Balanced polarization

Definition
The pair (X, L, B) is said to be balanced in P if
B(X) = o -l < (1)
We also say that (X, L) can be balanced and B = {s,s1,--- ,sn} is a
balanced basis.

It is obvious that
_ Vol(X)

N +1

g
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§4 Stabilities on Polarized manifolds

Balanced polarization

Definition
The pair (X, L, B) is said to be balanced in P if
B(X) = o - Iy +1)x (v +1)

We also say that (X, L) can be balanced and B = {s,s1,--- ,sn} is a
balanced basis.

It is obvious that

_ Vol(X)
7T Nef1
If G is hermitian metric on the vector space Vi = H°(X, L¥), then we can
choose an orthonormal basis B = {so, s1,- - ,sn, } of Vi with respect to

the metric G such that it gives the embedding
& X — P(V), x— [so(x), - ,sn(x)]

Then there is an induced metric on L* given by

FS(G) = —~
Z GoBf, fa
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§4 Stabilities on Polarized manifolds

Balanced polarization
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§4 Stabilities on Polarized manifolds

Balanced polarization

Definition
A hermitian metric G on H°(X, L) is called a balanced metric if the £
metric on H°(X, L¥) induced by metric FS(G) coincides with G, i.e.

(51, 52)¢ = /X (51(2), 2(2)) sy dV-

for any si, 5 € H*(X, L¥).
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§4 Stabilities on Polarized manifolds

Balanced polarization

Definition
A hermitian metric G on H°(X, L) is called a balanced metric if the £
metric on H°(X, L¥) induced by metric FS(G) coincides with G, i.e.

(51, 52)¢ = /X (51(2), 2(2)) sy dV-

for any si, 5 € H*(X, L¥).

Theorem
If G is a balanced metric on H°(X, L¥) if

Gy — Ne+1 fa?g
“F T VoI(X) Jx 2 GO, fs
with respect to the local basis so = f®eX*
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§4 Stabilities on Polarized manifolds

Balanced polarization
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§4 Stabilities on Polarized manifolds

Balanced polarization

> There following arguments are equivalent:
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§4 Stabilities on Polarized manifolds

Balanced polarization

> There following arguments are equivalent:
(1) There exists balanced metric on H°(X, L¥);
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§4 Stabilities on Polarized manifolds

Balanced polarization

> There following arguments are equivalent:
(1) There exists balanced metric on H°(X, L¥);
(2) (X, L*) can be balanced;
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§4 Stabilities on Polarized manifolds

Balanced polarization

> There following arguments are equivalent:
(1) There exists balanced metric on H°(X, L¥);
(2) (X, L*) can be balanced;
> Under the balance condition, the Begman kernel function is constant
_ dimc H°(X, LX)
By=—— 11—~
Vol(X)
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§4 Stabilities on Polarized manifolds

Constant scalar curvature and balance
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§4 Stabilities on Polarized manifolds

Constant scalar curvature and balance

Theorem (Donaldson)

If (X, L) is balanced for every large k and wy is the balanced metric, and
if wi converges to some limit ws in C°° as k — oo, then ws has
constant scalar curvature.
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§4 Stabilities on Polarized manifolds

Constant scalar curvature and balance

Theorem (Donaldson)

If (X, L) is balanced for every large k and wy is the balanced metric, and
if wi converges to some limit ws in C°° as k — oo, then ws has
constant scalar curvature.

Asymptotic Rieman-Roch expansion
dime H°(M, L¥) Kkt / -
B — ’ = k" 1w, dVi+ O(k"
K@) = oM, ) VoM wn) J P dVet OTT) ()
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§4 Stabilities on Polarized manifolds

Constant scalar curvature and balance

Theorem (Donaldson)

If (X, L) is balanced for every large k and wy is the balanced metric, and
if wi converges to some limit ws in C°° as k — oo, then ws has
constant scalar curvature.

Asymptotic Rieman-Roch expansion

o d|mC HO(Ma Lk) _n kn71 n—2
Buw) = =gimwe .~ Kt Vol wn) /Xp‘”kdv“ro(k ) ()

Asymptotic expansion for the Bergman kernel

a1 e
Bi(wk) = k" + Epwkk RERR
and 1
| Bi(wi) — k" — Eﬂwkknfll\ck = O(k"?) (%)
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§4 Stabilities on Polarized manifolds

Constant scalar curvature and balance

Theorem (Donaldson)

If (X, L) is balanced for every large k and wy is the balanced metric, and
if wi converges to some limit ws in C°° as k — oo, then ws has
constant scalar curvature.

Asymptotic Rieman-Roch expansion

o d|mC HO(Ma Lk) _n kn71 n—2
Buw) = =gimwe .~ Kt Vol wn) /Xp‘”kdv“ro(k ) ()

Asymptotic expansion for the Bergman kernel

a1 e
Bi(wk) = k" + Epwkk RERR
and 1
| Bi(wi) — k" — Eﬂwkknfll\ck = O(k"?) (%)

= pPoo Puoe Voo

1
- Vol(M,woo)/X
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§4 Stabilities on Polarized manifolds

Constant scalar curvature and balance

Xiaokui Yang s and Existence of Kahler-Einstein metrics



§4 Stabilities on Polarized manifolds

Constant scalar curvature and balance

Theorem (Donaldson)
Suppose Aut(X, L) is discrete and woo is a Kdhler metric in the class
2rc1(L) with constant scalar curvature. Then (X, L¥) is balanced for large

enough k and the sequence of the balanced metrics wy converges in C™
to Weo as k — oo.
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§4 Stabilities on Polarized manifolds

Constant scalar curvature and balance

Theorem (Donaldson)

Suppose Aut(X, L) is discrete and woo is a Kdhler metric in the class
2rc1(L) with constant scalar curvature. Then (X, L¥) is balanced for large
enough k and the sequence of the balanced metrics wy converges in C™
to Weo as k — oo.

Corollary

Suppose Aut(X, L) is discrete. Then there is at most one Kahler metric of
constant scalar curvature in the class 2mwcy(L).
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§4 Stabilities on Polarized manifolds

Constant scalar curvature and stability
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§4 Stabilities on Polarized manifolds

Constant scalar curvature and stability

Theorem (Zhang- Luo-Donaldson)
existence of cscK + discrete automorphism =—> Balance
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§4 Stabilities on Polarized manifolds

Constant scalar curvature and stability

Theorem (Zhang- Luo-Donaldson)

existence of cscK + discrete automorphism =—> Balance

Chow-Mumford stability + Balance metrics converge =—>  existence of
cscK.
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§4 Stabilities on Polarized manifolds

Constant scalar curvature and stability

Theorem (Zhang- Luo-Donaldson)

existence of cscK + discrete automorphism =—> Balance

Chow-Mumford stability + Balance metrics converge =—>  existence of
cscK.

Balance <= Chow-Mumford stability =—>  Hilbert-Mumford stability.

Xiaokui Yang Stabilities and Existence of Kahler-Einstein metrics



	§ 0 Introduction
	§1 Yau's solution of Calabi conjecture
	§2 Hitchin-Kobayashi-Donaldson-Ulenbeck-Yau correspondence
	§3 Mumford's GIT theory
	§4 Stabilities on Polarized manifolds

